Abstract. We show that a closed, connected and orientable Riemannian manifold of dimension d that admits a quasiregular mapping from R d must have bounded cohomological dimension independent of the distortion of the map. The dimension of the degree l de Rham cohomology of M is bounded above by 
Introduction
Let M be a closed, connected and orientable Riemannian manifold of dimension d. A K-quasiregular mapping, K ≥ 1, is a continuous mapping f : Theorem 1.1 is the first result that gives a restriction, independent of the fundamental group of M and the distortion K of the mapping, on quasiregular ellipticity of manifolds. A K-dependent version of Theorem 1.1 was proved by Bonk and Heinonen [2] . They showed that dim H l (M ) ≤ C(d, l, K) and conjectured that the constant is independent of K. for 1 ≤ i, j ≤ k and where δ ij is the Kronecker delta. In previous papers on quasiregular ellipticity, p-harmonic forms were used instead of smooth forms arising from Poincaré duality. Our approach allows us to avoid the use of this machinery.
Since we argue by contradiction, there exists a quasiregular mapping f : R d → M . The pullbacks, η i = f * α i and θ i = f * ( * α i ) will be closed forms on R d . They also satisfy local L p -bounds depending on the Jacobian of f . This allows us to use a rescaling procedure to obtain forms on the unit ball in R d such that the limits wedge pointwise to 0.
In the papers by Eremenko and Lewis, [6] and [16] , the authors applied a similar rescaling to A-harmonic functions in order to prove the Rickman-Picard theorem for quasiregular mappings. Instead of rescaling functions, we consider pullbacks of differential forms. We also note that Kangasniemi [14] rescaled differential forms in the uniformly quasiregular case. The main connection between the techniques used in this paper and the above two results is that in the limit the rescaled objects obey pointwise results. This is the crucial ingredient of the proof. The rescaling captures how the map f : R d → M behaves on average. Since quasiregular maps have equidistribution properties similar to holomorphic mappings, f will map a large set evenly over M . So the pullbacks of the differential forms, rescaled on a sequence of large balls, will converge to averages of themselves on M . The limits in this rescaling will be both nonzero and pair to 0 pointwise; on the manifold the wedge product only integrates to 0.
Once the differential forms on the unit ball are constructed and we know that they pair pointwise to 0, we see that at most
of the forms can be nonzero. This will imply that the sets where at least one of the forms is 0 covers the entire ball, apart from a set of measure 0. However, the size of the rescaled forms is governed by the size of the Jacobian of f . In order to prove this we need to first show that the Jacobian of f satisfies a reverse Hölder inequality. In general, the Jacobian of a quasiregular mapping is in L 1 loc (R d ). Bojarski and Iwaniec [1] , using a method similar to Gehring's lemma [7] , showed that if Once we know that the Jacobian of f satisfies a reverse Hölder inequality, we prove that the size of the Jacobian governs the size of the rescaled forms. In turn, this shows that the integral of the Jacobian of f on a sequence of large balls will be arbitrarily small. At this point we arrive at a contradiction since the balls were exactly chosen so that the integral of the Jacobian of f is bounded away from 0. Hence the number of forms is bounded by The structure of the paper is as follows. Section 2 gives a brief introduction to differential forms on manifolds and pullbacks of differential forms by quasiregular mappings. We also show the reverse Hölder inequality for the Jacobian of f . For the relationship between quasiregular mappings and differential forms see [2, Section 3] and [12] . The use of differential forms in this setting is inspired by the work of Bonk and Heinonen [2] , Donaldson and Sullivan [4] and Iwaniec and Martin [12] .
In Section 3 we discuss the rescaling argument and prove certain required convergence results. Section 4 gives the proof of Theorem 1.1. Some of the methods in the proof are influenced by techniques developed by Pankka [17] . For a reference on the facts used for quasiregular mappings see [2] , [4] and [20] .
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Exterior Algebra and Differential Forms
This section gives an introduction to the tools needed to prove Theorem 1.1. The space M will always be a closed, connected and orientable Riemannian manifold of dimension d. Let l (R d ) denote the space of degree l exterior powers of the cotangent bundle of
, we mean the space of smooth differential forms on M of degree l. The de Rham cohomology of M will be denoted by In the following we can consider l such that 1
We will use Poincaré duality (see [3, p. 44] ) to pick differential forms on M .
We will often want to estimate integrals of certain differential forms. The following inequality will be useful later on.
where C(d) only depends on the dimension. To prove this note that the product α ∧ β is a bilinear operator on two finite dimensional vector spaces when x is fixed. Therefore it is bounded and we arrive at (2.2).
A key tool we use is the pullback of a differential form by a quasiregular map.
As a result, d(f * ω) must be interpreted in the weak sense. For a thorough discussion of this, see [4, Section 2] .
The next proposition gives a pointwise bound for these pullbacks.
where Df is the operator norm for Df and C(d) > 0 is a constant that depends only on d.
Proof. The inequality we are trying to prove is a pointwise estimate. So without loss of generality we may assume that ω ∈ Ω l (B(0, 1)). For almost every
where I = {i 1 , . . . , i l } is a multi-index of length l. That is,
where f i is i-th component function of f and we sum over all multi-indices,
Thus,
Bojarski and Iwaniec [1] showed that a quasiregular map f : R d → R d has a Jacobian that satifies a reverse Hölder inequality. If F, Ω ⊂ R d are sets such that F is compact, Ω is open and F ⊂ Ω, then 
, where B ⊂ R d is an arbitrary ball.
Proof. Since H l (M ) = 0 there exists a Poincaré pair, α and β, given in Theorem 2.1 witĥ
This implies that there exists a point a ∈ M so that for every chart U around a,
where g(x) > 0 and x ∈ U . Let x ∈ M , by the Isotopy lemma [10, p. 142] there exists an orientation preserving diffeomorphism Φ x : M → M such that Φ x (a) = x. Let U be an open neighborhood around a such that α ∧ β is positive in the sense above. Then (Φ x (U )) x∈M is an open cover of M and there exists a finite subcover, U 1 , . . . , U m . Since Φ x is orientation preserving, Φ * x (α ∧ β) is positive on U x . Let Φ ν be the diffeomorphism corresponding to U ν and let {λ ν } be a partition of unity subordinate to {U ν }. Define
From this definition we get that for each chart on M,
The diffeomorphism Φ ν is orientation preserving, so J Φν (x) > 0. The functions λ ν are always positive and only nonzero on U ν . On the set U ν , g(Φ ν (x)) is also positive. So h(x) > 0. The d-form ω is nonzero and so must be comparable to the volume form on M . That is, 
where α ν = Φ * ν α and β ν = Φ * ν β. Since m depends only on M it suffices to bound a single term in the sum. We also know that 1/c and λ ν are positive and bounded above by constants depending only on M . So it suffices to consider the integral,
On M , α ν is closed. By (2.3), f * α = du on B. Integration by parts gives that
By (2.2), Hölder's inequality and because |dψ| ≤ 1 r , where r is the radius of B,
Note that these exponents add up correctly in this inequality because 1 ≤ l ≤ d − 1. We can choose u so that u satisfies a Poincaré-Sobolev inequality. For a precise formulation of this, see [11, Corollary 4.2] . Since du = f * α ν ,
Again, we remark that the Poincaré-Sobolev inequality is only valid here because 1 ≤ l ≤ d − 1. The forms α ν and β ν are smooth on M and therefore are bounded independently of f . So by (2.2),
We sum over ν and take averages to arrive at the proposition. 
Rescaling Principle
In this section we construct rescaled forms on B(0, 1). By Theorem 2.1, there exist closed differential forms α 1 , . . . , α k ∈ Ω l (M ) and β 1 , . . . , β k ∈ Ω d−l (M ) such that the cohomology classes [α 1 ], . . . , [α k ] form a basis for H l (M ). In addition, they satisfy the orthogonality relationˆM
for 1 ≤ i, j ≤ k. We will rescale the pullbacks, η i = f * α i and θ i = f * β i . By (2.3), η i and θ i are closed. By the quasiregularity of f , we have that
For n ∈ N, let {B n } be a collection of balls in R d that will be chosen below. Define T n : B(0, 1) → B n := B(a n , r n ) as T n (x) := a n + r n x. Next, we construct our rescaled forms as
where
where the summation is over all I = {i 1 , . . . , i l }, multi-indices of length l and where dx I = dx i 1 ∧ · · · ∧ dx i l . We have that
Similarly,
where J is a multi-index of length (d − l).
The following theorem [2, Theorem 1.11] shows that A(B(0, r)) is unbounded.
We also record a lemma due to Rickman (for the proof see 
We use these balls in our definition of η n i and θ n i .
Furthermore, we can pass to a subsequence so that the following convergence results hold.
(i) There exists an l-form η i ∈ L p (B(0, 1)) and a
where the convergence of η n i is in the weak topology on L p (B(0, 1) ) and the convergence of θ n i is in the weak topology on L q (B(0, 1)).
(ii) There exists a
in the weak sense.
Proof. In the following proof we will often pass to subsequences. It is understood that the subsequences should be taken simultaneously for all the forms mentioned in the lemma.
For the proof of (i), we compute the L p -norm of η n i . Indeed, by Equation (3.1),
By the quasiregularity of f and Proposition 2.2,
Hence, the L p -norm of the η n i is uniformly bounded. By the Banach-Alaoglu theorem, we can pass to a subsequence so that 0, 1) ).
The proof for θ n i is very similar. By (3.2),
Again, by the Banach-Alaoglu theorem, we can pass to a subsequence so that
We next prove (ii). By part (i), the L q -norm of θ n i is uniformly bounded. The forms θ n i are closed by (2.3) . By the Sobolev embedding theorem, there exists (d − l − 1)-forms, u n i ∈ W 1,q (B(0, 1)) such that du n i = θ n i and u n i d/(d−l−1) ≤ C θ n i q , where C does not depend on n, u n i or θ n i (see [11, Corollary 4.2] , for the formulation of the Sobolev embedding theorem and the Sobolev-Poincaré inequaliy for differential forms). Furthermore, there exists a subsequence of u n i that converges to u i strongly in L q (B(0, 1)). We will also denote this subsequence as u n i . Finally, we show (iii). We demonstrate that d u i = θ i in the weak sense. By duality, we can consider test forms φ ∈ Ω l+1 (B(0, 1)) with compact support. We pair u i with dφ,
This proves the claims in the lemma.
We need one more convergence result.
Proof. Consider the difference, 
By integration by parts and the compact support of ψ, In this section we complete the proof of the main result.
Lemma 4.1. Let η i and θ i be the forms constructed in Section 3. For almost every x ∈ B(0, 1),
c (B(0, 1)), using integration by parts and the compact support of ψ,ˆB
By (2.2) and Hölder's inequality,
By Proposition 2.2 and the quasiregularity of f ,
Since ψ was an arbitrary test function, η i ∧ θ j (x) = 0 for almost every x ∈ B(0, 1).
We have assumed that k > For each n ∈ N there exists an i so that
by (3.3) . Taking a subsequence of the n we can ensure that the i is always the same. where C n i = a n + r n C i , andˆE Let C n i (δ) = a n + r n C i (δ) and D n i = a n + r n D i . To simplify notation, denote 
